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SUPER ASYMPTOTICALLY NONEXPANSIVE ACTIONS OF
SEMITOPOLOGICAL SEMIGROUPS
BUI NGOC MUOI AND NGAI-CHING WONG
Dedicated to Professor Wataru Takahashi on the occasion of his 75th birthday
Abstract. Let S be a right reversible semitopological semigroup, and let LUC(S) be
the space of left uniformly continuous functions on S. Suppose that LUC(S) has a left
invariant mean. We show that there always exists a common fixed point for any jointly
weakly continuous and super asymptotically nonexpansive action S×K 7→ K of S on a
weakly compact convex subset K of a Banach space. Several variances involving weak*
compactness of K and other function spaces on S are also provided.
1. Introduction
A semitopological semigroup S is a semigroup with a Hausdorff topology such that the
product is separately continuous, i.e., for each fixed t ∈ S, the mappings s 7→ ts and
s 7→ st from S into S are continuous. Recall that a semitopological semigroup S is right
(resp. left) reversible if any two closed left (resp. right) ideals of S intersect. Since every
left ideal I of S contains the left ideal St for any t ∈ I, the right reversibility can be
restated as St ∩ Sr 6= ∅ for all t, r ∈ S. Examples of right reversible semitopological
semigroups include those being topological groups, those being commutative, and those
S being normal such that the space CB(S) of bounded continuous functions on S has a
right invariant mean (see Corollary 2.10 below).
An action of a semitopological semigroup S on a Hausdorff topological space K is
a mapping of S × K into K denoted by (s, x) 7→ s.x such that (st).x = s.(t.x) for
all s, t ∈ S and x ∈ K. We call the action separately (resp. jointly) continuous if the
mapping (s, x) 7→ s.x is separately (resp. jointly) continuous. A point x0 ∈ K is called a
common fixed point for S if s.x0 = x0 for all s ∈ S.
In this paper, we are interested in the existence of common fixed points for actions of
a right reversible semigroup S on a subset K of a Banach space.
An action S ×K → K is called
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1. asymptotically nonexpansive (see [8]) if for each given x, y ∈ K, there exists an
rxy ∈ S such that ‖s.x− s.y‖ ≤ ‖x− y‖ for all s ∈ Srxy;
2. strongly asymptotically nonexpansive (see [2]) if for each given x ∈ K, there exists
an rx ∈ S such that ‖s.x− s.y‖ ≤ ‖x− y‖ for all s ∈ Srx and all y ∈ K;
3. super asymptotically nonexpansive if for each given x ∈ K, there exists for each
t ∈ S an rtx ∈ S such that ‖s.x− s.y‖ ≤ ‖x− y‖ for all s ∈ Sr
t
xt and all y ∈ K;
4. nonexpansive if ‖s.x− s.y‖ ≤ ‖x− y‖ for all s ∈ S and x, y ∈ K.
It is easy to see that
nonexpansiveness =⇒ super asymptotic nonexpansiveness =⇒ strongly
asymptotic nonexpansiveness =⇒ asymptotic nonexpansiveness.
As shown in Examples 2.13 and 2.14 below, these implications can be strict. However,
when the semigroup S is compact and right reversible, any weakly separately continuous
and asymptotically nonexpansive action of S is super asymptotically nonexpansive, and
thus all three asymptotic nonexpansiveness coincide (Proposition 2.12).
The following result implies that every nonexpansive action of a commutative semi-
group on a norm compact convex set has a fixed point.
Theorem 1.1 (DeMarr [5]). Let K be a nonempty compact convex subset of a Banach
space. Then each commuting family of nonexpansive mappings of K into itself has a
common fixed point.
We write (X,Q) for a (Hausdorff) locally convex space X with a set Q of continuous
seminorms determining the topology of X . An action S ×K → K of a semigroup S on
a subset K of X is called Q-nonexpansive if q(s.x − s.y) ≤ q(x − y) for all q in Q, and
the action is called asymptotically Q-nonexpansive if for every x, y ∈ K there is an rxy
in S such that q(s.x− s.y) ≤ q(x− y) for all s ∈ Srxy and all q ∈ Q (see [6]). We define
super and strongly asymptotically Q-nonexpansive actions respectively in a similar way.
An action of a semitopological semigroup S on a topological space K is said to have
property (B) if
(B) whenever a net sα.x → x converges in K, where sα ∈ S, the net
sαa.x→ a.x for each a ∈ S.
Note that property (B) is automatically satisfied when the semigroup S is commutative
and the action is separately continuous. Therefore, the following can be considered as a
non-commutative extension of Theorem 1.1. Indeed, we can always embed a commutative
family of nonexpansive maps ofK into a discrete commutative semigroup of nonexpansive
maps of K with composition products.
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Theorem 1.2 (Holmes and Lau [6, Theorem 3.1]). Let S be a right reversible semitopo-
logical semigroup. Any separately continuous asymptotically Q-nonexpansive action of S
on a compact convex subset K of a locally convex space (X,Q) has a fixed point in K if
property (B) is fulfilled.
Given a semitopological semigroup S, we denote by l∞(S) (resp. CB(S)) the Banach
space of bounded (resp. bounded and continuous) real-valued functions on S with the
supremum norm. For each s ∈ S and f ∈ l∞(S), we denote by lsf the left translation
of f by s where lsf(t) = f(st) for all t ∈ S. A subspace X ⊆ l
∞(S) that contains all
constant functions is called left translation invariant if ls(X) ⊆ X for all s ∈ S. A linear
functional m ∈ X∗ is called a mean if ‖m‖ = m(1) = 1. A mean m is called a left
invariant mean, or LIM in short, if m(lsf) = m(f) for all s ∈ S, f ∈ X . We also have
symmetric concepts about right invariant means. An invariant mean of X is a mean
which is both left and right invariant.
Let LUC(S) be the space of left uniformly continuous functions on S; namely those
f for which the map s 7→ lsf from S into CB(S) is norm continuous. Let AP(S) (resp.
WAP(S)) be the subspace of almost periodic (resp. weakly almost periodic) functions in
CB(S); namely those f for which {lsf : s ∈ S} is relatively compact in the norm (resp.
weak) topology of CB(S). All LUC(S),AP(S),WAP(S) are left translation invariant
subspaces of CB(S). In general, we have AP(S) ⊆ LUC(S) ⊆ CB(S), and AP(S) ⊆
WAP(S) ⊆ CB(S).
Without assuming property (B), we have
Theorem 1.3 (Lau and Zhang [17, Theorem 3.4]). Let S be a separable semitopological
semigroup. Then WAP(S) has a LIM if and only if every weakly separately continuous,
weakly quasi-equicontinuous and Q-nonexpansive action of S on a weakly compact convex
subset K of a locally convex space (X,Q) has a common fixed point.
When K is a weakly compact convex set of a Banach space, A. Wi´snicki ( [25, Theorem
3.1]) showed that the conclusion in Theorem 1.3 still holds for nonseparable semitopologi-
cal semigroups S. Moreover, other variances of Theorem 1.2 can be found in e.g. [1–3,21].
We show in Theorem 2.1 below that if S is a right reversible semitopological semigroup
such that LUC(S) has a LIM, then every jointly weakly continuous and super asymp-
totically nonexpansive action of S on a weakly compact convex set K of a Banach space
has a fixed point. Moreover, Theorem 2.9 provides other variances of Theorem 1.3.
We also give a partial answer to the following open problem of Lau raised in 1976.
Question 1.4 (Lau [13, Problem 3]; see also [23]). Let S be a semitopological semigroup
such that LUC(S) has a LIM. Whether does S have the following fixed point property?
4 MUOI AND WONG
(F∗) Every jointly weak* continuous nonexpansive action of S on a weak*
compact convex subset K of a dual Banach space has a fixed point.
It is known that the fixed point property (F∗) ensures that LUC(S) has a LIM (see [16,
p. 528]). Theorem 2.5 partially answers Question 1.4. It shows that when S is right
reversible and LUC(S) has a LIM, every jointly weak* continuous super asymptotically
nonexpansive action of S on a weak* compact convex and norm-separable set K has a
fixed point. For more partial answers of Question 1.4, the reader can see [4, 18, 22, 23].
2. The results
For the correspondence among the existence of LIM’s of various function spaces and
fixed point properties of various actions associated to a semitopological semigroup, the
reader can see [11, 14, 19, 24]. In this paper, we add some more into the list, and start
with our main result.
Theorem 2.1. Let S be a right reversible semitopological semigroup. Assume that
LUC(S) has a left invariant mean. Then S has the following fixed point property:
(Fsupjw ) every jointly weakly continuous and super asymptotically nonexpan-
sive action of S on a weakly compact convex subset K of a Banach space
E has a common fixed point.
The proof of Theorem 2.1 needs several lemmas. The first one is known in Holmes and
Lau [6] and we state it here for completeness and easy access.
Lemma 2.2. Let S be a right reversible semitopological semigroup. Assume S ×K →
K is a separately continuous action of S on a compact convex subset K of a locally
convex space. Then there exists a subset L0 of K which is minimal with respect to being
nonempty, compact, convex and satisfying the following conditions (⋆).
(⋆1) there exists a collection Λ = {Λi : i ∈ I} of closed subsets of K such that L0 =⋂
Λ, and
(⋆2) for each x ∈ L0 there is a left ideal Ji ⊆ S such that Ji.x ⊆ Λi for each i ∈ I.
Furthermore, L0 contains a subset Y that is minimal with respect to being nonempty,
closed and S-invariant.
Proof. We sketch the arguments in the proof of [6, Theorem 3.1]. By Zorn’s lemma, such
L0 always exists. For each x ∈ L0, let Φ be the collection of all finite intersections of sets
in {Λi : i ∈ I}. Order Φ by the reverse set inclusion. For any α = Λ1∩Λ2∩ · · ·∩Λn ∈ Φ,
choose left ideals Ji such that Ji.x ⊆ Λi for i = 1, . . . , n. By the right reversibility, there
exists sα ∈
⋂n
i=1 Ji. Thus, Ssα.x ⊆ α. Let z be a cluster point of the net {sα.x}α∈Φ.
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Then Sz is a closed S-invariant subset of L0. By Zorn’s lemma, there exists a minimal
subset Y ⊆ Sz ⊆ L0 with respect to being nonempty, closed, and S-invariant. 
Lemma 2.3. The subset Y of K in Lemma 2.2 is norm separable and S-preserving, i.e.,
s.Y = Y for all s ∈ S, if we suppose further that LUC(S) has a LIM and the action is
jointly weakly continuous on a weakly compact convex subset K of a normed space.
Proof. For each pair of y ∈ Y and f ∈ C(Y ) (while Y is equipped with the weak
topology), define a function Ryf ∈ l
∞(S) by Ryf(s) = f(s.y). Following the proof
of [19, Theorem 1], we can show that Ryf ∈ LUC(S). Indeed, if Ryf /∈ LUC(S), and
there is a net {tλ} ⊆ S such that tλ → t but ‖ltλ(Ryf)− lt(Ryf)‖ 9 0. There exist an
ε0 > 0, a subnet
{
tλj
}
of {tλ}, and a net {sλj} in S such that
|ltλj (Ryf)(sλj)− lt(Ryf)(sλj )| = |f(tλjsλj .y)− f(tsλj .y)| ≥ ε0.
Since Y is weakly compact,
{
sλj .y
}
j
⊆ Y has a subnet
{
sλjt .y
}
t
that weakly converges
to z0 ∈ Y . Replacing the nets with their subnets, we can assume that there is a net {sλ}
in S such that
|f(tλsλ.y)− f(tsλ.y)| ≥ ε0, ∀λ,
and sλ.y → z0 in Y . By the jointly weak continuity of the action and the continuity of
f on Y in the weak topology, we have
ε0 ≤ lim
λ
|f(tλ.(sλ.y))− f(t.(sλ.y))| = |f(t.z0)− f(t.z0)| = 0. (2.1)
The contradiction shows that Ryf ∈ LUC(S).
Let m be a LIM of LUC(S). Define a linear functional ψ on C(Y ) by ψ(f) = m(Ryf).
Observe
|ψ(f)| ≤ ‖Ryf‖ = sup
s∈S
|f(s.y)| ≤ ‖f‖C(Y ), ∀f ∈ C(Y ).
Since ψ(1) = 1, we have ‖ψ‖ = 1. For each t ∈ S, notice that
ψ(ltf) = m(Ry(ltf)) = m(lt(Ryf)) = m(Ryf) = ψ(f).
Thus, ψ is a left invariant mean of C(Y ). Let µ be the probability measure on Y
corresponding to ψ. Define Y0 to be the support of µ, i.e.,
Y0 = supp(µ) =
⋂
{F ⊆ Y : F is weakly closed and µ(F ) = 1} .
Since every finite Radon measure on a weakly compact set in a Banach space has a norm
separable support (see, e.g., [10, Theorem 4.3, page 256]), Y0 is norm separable.
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We are going to see that s.Y0 = Y0 for all s ∈ S. For every Borel subset A of Y and
s ∈ S, define Ls(x) = s.x and L
−1
s A = {x ∈ Y : s.x ∈ A}. Since ψ is left invariant, we
have
µ(A) =
∫
Y
1A(x) dµ =
∫
Y
1A(s.x) dµ =
∫
Y
1L−1s A(x) dµ = µ(L
−1
s A).
Because L−1s Y0 is weakly closed and µ(L
−1
s Y0) = µ(Y0) = 1, we have Y0 ⊆ L
−1
s Y0 or
sY0 ⊆ Y0. On the other hand, µ(sY0) = µ(L
−1
s (sY0)) ≥ µ(Y0) = 1. This implies Y0 ⊆ sY0,
and thus sY0 = Y0. By the minimality of Y , we conclude that Y = Y0 is norm separable
and S-preserving. 
Lemma 2.4. Let Y be a norm separable and weakly compact set in a Banach space E.
Suppose that a super asymptotically nonexpansive action of a right reversible semitopo-
logical semigroup S on Y satisfying that Y is minimal with respect to being weakly closed
and S-invariant. Let F be any nonempty weakly compact subset of Y such that F ⊂ sF
for all s ∈ S. Then F is norm compact. Especially, if sY = Y for all s ∈ S then Y is
norm compact.
Proof. We borrow an idea from [15, Lemma 5.2] in which a nonexpansive action of S
is considered instead. Define Nε = {x ∈ E : ‖x‖ ≤ ε} for any given ε > 0. Since Y is
norm separable, there exists {xi : i ∈ N} ⊆ Y such that Y ⊆
⋃
{xi +Nε : i ∈ N}. By
the Baire category theorem, there exist x¯ ∈ {xi : i ∈ N} such that (x¯ + Nε) ∩ Y has
nonempty interior in Y in the relative weak topology. Hence, there exist a z ∈ Y and a
weakly open neighborhood V of 0 such that (z + V )∩ Y ⊆ (x¯+Nε)∩ Y . We can choose
a weak neighborhood U of 0 such that U + U ⊆ V . Since U also contains a norm open
neighborhood of 0, there exists δ > 0 such that Nδ ⊆ U . By the norm separability of Y
again, we can assume, with a new sequences {xi : i ∈ N}, that
Y =
⋃
{(xi +Nδ) ∩ Y : i ∈ N} .
By the definition of the super asymptotic nonexpansiveness, for each given r0 ∈ S,
there exists a left ideal I1 = I
r0
x1 of S such that ‖sr0.x1 − sr0.y‖ ≤ ‖x1 − y‖ for all
s ∈ I1, y ∈ Y . Since I1r0.x1 is S-invariant in Y , by the minimality of Y , its weak closure
must be exactly Y . Thus, there exists an s1 ∈ I1 such that s1r0.x1 ∈ (z + U) ∩ Y . Let
r1 = s1r0, we have r1.x1 ∈ (z + U) ∩ Y and ‖r1.x1 − r1.y‖ ≤ ‖x1 − y‖ for all y ∈ Y .
Similarly, there exists a left ideal I2 = I
r1
x2 of S such that ‖sr1.x2 − sr1.y‖ ≤ ‖x2 − y‖
for all s ∈ I2, y ∈ Y . There exists s2 ∈ I2 such that s2r1.x2 ∈ (z+U)∩Y . Let r2 := s2r1,
we have r2.x2 ∈ (z + U) ∩ Y and ‖r2.x2 − r2.y‖ ≤ ‖x2 − y‖ for all y ∈ Y . By induction,
we can choose a sequence {ri : i ∈ N} in S such that
ri.xi ∈ (z + U) ∩ Y, ri = sisi−1 · · · s1r0,
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and
‖ri.xi − ri.y‖ ≤ ‖xi − y‖, ∀y ∈ Y, i ≥ 1.
For each y ∈ (xi+Nδ)∩Y , we can write riy = (riy−rixi)+rixi where rixi ∈ (z+U)∩Y
and ‖rixi−riy‖ ≤ ‖xi−y‖ < δ. Thus, ri((xi+Nδ)∩Y ) ⊆ (z+U+Nδ)∩Y ⊆ (z+V )∩Y .
We rewrite the action r.x in the form of Lrx, then (xi + Nδ) ∩ Y ⊆ L
−1
ri
((z + V ) ∩ Y ),
where L−1ri ((z + V ) ∩ Y ) is weakly open by the weak continuity of the action. By the
weak compactness, we can cover Y by finitely many such weakly open sets. Let
Y =
n⋃
i=1
L−1ri ((z + V ) ∩ Y ).
It follows from the super asymptotic nonexpansiveness of the action that there exist left
ideals Ji = J
ti
x¯ , where ti = sn+1sn · · · si+1, i = 1, . . . , n, such that ‖sti.x¯−sti.y‖ ≤ ‖x¯−y‖
for all y ∈ Y, s ∈ Ji. Since S is right reversible, there exists t0 ∈ ∩
n
i=1Ji.
We claim that
‖t0ti.x¯− t0ti.y‖ ≤ ‖x¯− y‖ for all y ∈ Y, i = 1, . . . , n. (2.2)
Indeed, for each i, there exists a net {sλ} ⊆ Ji converging to t0. For each bounded linear
functional f ∈ E∗ with ‖f‖ ≤ 1,
‖x¯− y‖ ≥ ‖sλti.x¯− sλti.y‖ ≥ |f(sλti.x¯− sλti.y)| → |f(t0ti.x¯− t0ti.y)|.
By the Hahn-Banach Theorem,
‖t0ti.x¯− t0ti.y‖ = sup {|f(t0ti.x¯− t0ti.y)| : f ∈ Y
∗, ‖f‖ ≤ 1} ≤ ‖x¯− y‖.
This proves our claim.
Since F ⊂ sF for all s ∈ S, we have
F ⊂ Lt0Lrn+1F ⊂ Lt0Lrn+1Y = Lt0Lrn+1
{⋃n
i=1 L
−1
ri
((z + V ) ∩ Y )
}
⊆
⋃n
i=1
{
Lt0Lsn+1···si+1((x¯+Nε) ∩ Y )
}
=
⋃n
i=1 {Lt0ti((x¯+Nε) ∩ Y )}
⊆
⋃n
i=1 {(Lt0ti x¯+Nε) ∩ Y )}
⊆
⋃n
i=1 {Lt0ti x¯+Nε} .
The next last inclusion above follows from (2.2). This proves that the norm closed set F
can be covered by a finite ǫ-net for any ǫ > 0. Hence, F is norm compact. 
Following the idea in the proofs of [6, Theorem 3.1] and [2, Theorem 4.2], we are able
to prove our main result.
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Proof of Theorem 2.1. By Lemmas 2.3 and 2.4, the nonempty S-preserving set Y given
in Lemma 2.2 is a separable norm compact subset of the Banach space E. Consequently,
the norm topology and weak topology are coincide on Y . If Y contains exactly one point
then we are done. Otherwise, let
r = diam(Y ) = sup {‖x− y‖ : x, y ∈ Y } .
By DeMarr’s Lemma [5, Lemma 1], there is an element u ∈ conv(Y ) such that
r0 = sup {‖u− y‖ : y ∈ Y } < r.
Let 0 < ε < r − r0. For each Λ ∈ {Λi : i ∈ I}, in Lemma 2.2, set
Nε,Λ =
⋂
y∈Y
{x ∈ Λ : ‖x− y‖ ≤ r0 + ε}
and
N0 =
⋂
{Nε,Λi : i ∈ I} = L0 ∩
⋂
y∈Y
B¯[y, r0 + ε],
where B¯[y, δ] stands for the norm closed ball centered at y of radius δ.
We show that N0 satisfies (⋆). Indeed, every Nε,Λi is weakly compact. Thus N0 is a
weakly compact subset of L0, and contains u. For each x ∈ N0 and i ∈ I, there exists
a left ideal I ⊆ S such that I.x ⊆ Λi. By the super asymptotic nonexpansiveness of
the action, for each t ∈ S there exists a left ideal I tx such that ‖st.y − st.x‖ ≤ ‖y − x‖
for all y ∈ K, s ∈ I tx. By the right reversibility of S, there exists a t0 ∈ I ∩ I
t
xt.
Since Λi is weakly closed, St0.x ⊆ Λi. Consider a net sλ ∈ I
t
x such that sλt → t0.
From ‖ssλt.y − ssλt.x‖ ≤ ‖y − x‖ ≤ r0 + ε for all λ, y ∈ Y and s ∈ S, we have
‖st0.y − st0.x‖ ≤ ‖y − x‖ ≤ r0 + ε. Since st0.Y = Y , we have ‖y
′ − st0.x‖ ≤ r0 + ε for
all y′ ∈ Y . In other words, there exists a left ideal J = St0 of S such that J.x ⊆ Nε,Λi.
Consequently, the nonempty, weakly compact, convex subset N0 also satisfies conditions
(⋆).
By the minimality of L0, we have Y ⊆ L0 = N0 ⊆
⋂
y∈Y B¯[y, r0 + ε]. This gives us a
contradiction that diam(Y ) ≤ r0 + ǫ < r. Therefore, Y contains a unique point and it is
the common fixed point for the action of S on K. 
Lau and Zhang [18, Theorem 6.2] established that if LUC(S) has a LIM then the
semitopological semigroup S has the following fixed point property.
(Fnejw∗,sep) Every jointly weak* continuous and nonexpansive action of S
on a weak* compact convex and norm-separable subset K of the dual E∗
of a Banach space E has a common fixed point.
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By replacing the assumption of nonexpansiveness with the weaker one of super asymp-
totic nonexpansiveness, but together with the right reversibility of the semigroup, we
obtain the following result.
Theorem 2.5. Let S be a right reversible semitopological semigroup. Suppose that
LUC(S) has a left invariant mean. Then S has the following fixed point property.
(Fsupjw∗,sep) Every jointly weak* continuous and super asymptotically nonex-
pansive action of S on a weak* compact convex and norm-separable subset
K of a dual Banach space E∗ has a common fixed point.
Proof. It follows similarly from what we did in the proof of Theorem 2.1, but with the
norm-separability coming from the assumption, and noticing that Lemma 2.4 is valid for
the weak* compact case. 
Remark 2.6. Since the support of a finite Radon measure on a weak* compact set in a
Banach space may not be norm separable, the conclusion of Lemma 2.3 about the norm
separability of Y may not hold for the weak* compact case.
For a discrete semitopological semigroup S, the condition that LUC(S) has a LIM is
strictly stronger than that S is left reversible (see [17, page 2549]), while in general it
might not be the case. The following two results supplement Theorems 2.1 and 2.5. The
key point in their proofs is that we can bypass Lemma 2.3.
Proposition 2.7. Let S be reversible (i.e. left and right reversible) semitopological semi-
group. Then S has the fixed point property
(Fsupsw∗,sep) Every separately weak* continuous and super asymptotically
nonexpansive action of S on a weak* compact convex norm-separable sub-
set K of a dual Banach space E∗ has a common fixed point.
Proof. By Lemma 2.2, there is a subset L0 of K which is minimal with respect to being
nonempty, weak* compact, convex and satisfying condition (⋆) where the weak* topology
is involved. Moreover, L0 contains a subset Y that is minimal with respect to being
nonempty, weak* compact and S-invariant.
We are going to show that there is a weak* closed subset F of Y such that F ⊂ sF
for all s ∈ S. Following an idea in [20], see also [7, Lemma 4], let F =
⋂
{sY : s ∈ S}
where each sY is weak* compact. Consider any finite collection {s1Y, s2Y, ..., snY }. By
the left reversibility of S, there is a t ∈ S such that t ∈
⋂n
i=1 siS. We have
n⋂
i=1
siY ⊃
n⋂
i=1
si(SY ) ⊃
n⋂
i=1
siSY ⊃ tY 6= ∅. (2.3)
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It follows that F is nonempty.
We claim that F ⊂ sF for all s ∈ S. We need to prove that y ∈ sF whenever y ∈ F
and s ∈ S. Consider any finite collection {s1Y, s2Y, ..., snY }, from (2.3) we have
(
L−1s {y}
)
∩
n⋂
i=1
siY ⊃
(
L−1s {y}
)⋂
tY 6= ∅,
since y ∈ F ⊂ stY then there is an x ∈ Y such that y = stx, hence tx ∈ L−1s {y}. By the
finite intersection property, L−1s {y}
⋂
F 6= ∅. Consequently, y ∈ sF . That proves our
claim.
Applying Lemma 2.4, we have F is compact. The remaining parts now follow similarly
as in the proof of Theorem 2.1 where the set Y is replaced by its norm compact subset
F . 
Proposition 2.8. Let S be a separable reversible semitopological semigroup. Then S has
the fixed point property
(Fsupsw ) every separately weakly continuous and super asymptotically non-
expansive action of S on a weakly compact convex subset K of a Banach
space E has a common fixed point.
Proof. By Lemma 2.2, we establish a subset Y of L0 that is minimal with respect to being
nonempty, weakly compact and S-invariant. Using the same argument in Proposition
2.7, the left reversibility of S ensures that there is a subset F of Y satisfying F ⊂ sF
for all s ∈ S. We then follow an idea in [17, Lemma 3.3] to show that Y is norm
separable. For any fixed y ∈ Y , we have Sy = {s.y : s ∈ S} is an S−invariant subset
of Y . Thus, its weak closure Sy
wk
must be exactly Y . Let Sc be a countable dense
subset of S. Since the action is separately weakly continuous, Sy
wk
= Scy
wk
. Moreover,
convwk(Sy) = convwk(Scy) = conv
‖·‖(Scy) by Mazur’s Theorem. Then conv
wk(Sy) is
norm separable. This implies Y is norm separable. The remaining parts follow similarly
as in the proof of Theorem 2.1. 
Theorem 2.9. Let S be a right reversible semitopological semigroup.
(i) Assume AP(S) has a LIM. Then every separately weakly (resp. weak*) con-
tinuous, equicontinuous and super asymptotically nonexpansive action of S on
a weakly compact (resp. weak* compact, norm-separable) convex subset K of a
Banach (resp. dual Banach) space has a common fixed point.
(ii) Assume WAP(S) has a LIM. Then every separately weakly (resp. weak*) con-
tinuous, quasi-equicontinuous and super asymptotically nonexpansive action of S
on a weakly compact (resp. weak* compact, norm-separable) convex subset K of
a Banach (resp. dual Banach) space has a common fixed point.
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Proof. These are direct consequences of [12, Lemma 3.1], [17, Theorem 3.4], and the
proofs of Theorems 2.1 and 2.5. 
Corollary 2.10. Let S be a semitopological semigroup as well as a normal space. Assume
that CB(S) has an invariant mean m. Then S has the following fixed point property.
(Fsup
sw/sw∗) Every separately weakly (resp. weak*) continuous and super
asymptotically nonexpansive action of S on a weakly compact convex (resp.
weak* compact convex and norm-separable) subset K of a Banach space
(resp. a dual Banach space) has a common fixed point.
Proof. It is known that if S is normal and CB(S) has a right invariant mean then S
is right reversible. We sketch the proof here for completeness. Suppose I1 and I2 are
disjoint closed left ideals of S. Since S is normal, there exists an f ∈ CB(S) such that
f = 1 on I1 and f = 0 on I2. For each s1 ∈ I1, s2 ∈ I2, the right translations of f at
s1, s2 are given by rs1f(s) = f(ss1) = 1 and rs2f(s) = f(ss2) = 0 for all s ∈ S. Then
m(rs1f) = m(1) = 1 and m(rs2f) = m(0) = 0, conflicting with the right translation
invariant property of m. The assertion now follows from Theorem 2.1 and 2.5 since the
restriction of m to LUC(S) is a LIM. 
Remark 2.11. The only place we need the joint continuity of the action in Theorems
2.1 and 2.5 is where we derive (2.1) in the proof of Lemma 2.3 to ensure that Ryf
belongs to LUC(S) for each f ∈ C(Y ) and y ∈ Y . Then we can construct a LIM ψ of
C(Y ). For Theorem 2.9 and Corollary 2.10, we need only separate continuity since other
assumptions there suffice to ensure that such a LIM ψ exists.
In the following, we demonstrate the difference and closeness among the three types
of asymptotically nonexpansive actions. We recall that a Hausdorff topological space
X is countably compact if every countable open covering of X has a finite subcovering.
Equivalently, every countable collection of closed sets in X with the finite intersection
property has a nonempty intersection. A topological space Y is called C-closed if every
countably compact set in Y is closed (see [9]). For example, first countable countably
compact spaces are regular, and thus they are C-closed spaces by [9, Proposition 1.4].
Proposition 2.12. Let S be a countably compact right reversible semitopological semi-
group. Consider a separately weakly continuous and asymptotically nonexpansive action
of S on a set K in a Banach space.
(a) If K is norm separable, then the action is strongly asymptotically nonexpansive.
(b) If S is C-closed and K is norm separable, then the action is super asymptotically
nonexpansive.
(c) If S is compact, then the action is super asymptotically nonexpansive.
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Proof. (a) Let {yn}
∞
n=1 be a norm dense subset of K. Suppose an action of S on K is
asymptotically nonexpansive. For each x ∈ K and n ∈ N, there is a left ideal In such
that
‖a.x− a.yn‖ ≤ ‖x− yn‖, ∀a ∈ In.
By the separately weak continuity of the action, we can assume that In is closed.
By the right reversibility and the countable compactness of S, there is r ∈
⋂
n In.
Consider the left ideal Ix := Sr ⊆
⋂
n In. It follows
‖s.x− s.yn‖ ≤ ‖x− yn‖, ∀s ∈ Ix, ∀n = 1, 2, . . . .
By the norm denseness of {yn}
∞
n=1 in K and the separately weak continuity of the action,
we see that
‖s.x− s.y‖ ≤ ‖x− y‖, ∀s ∈ Ix, ∀y ∈ K.
In other words, the action is strongly asymptotically nonexpansive.
(b) Continuing with the arguments in (a), we see that the action is already strongly
asymptotically nonexpansive. Thus, for any n = 1, 2, . . ., there is a left ideal Jn of S such
that
‖s.yn − s.y‖ ≤ ‖x− y‖, ∀s ∈ Jn, ∀y ∈ K.
By the separate weakly continuity of the action, we can assume that Jn is closed. By
the right reversibility and the countable compactness of S, we have a (nonempty) closed
left ideal J :=
⋂
n Jn. For any t ∈ S, the left ideal St is countably compact, and thus
closed since S is C-closed. By the right reversibility of S, we have (St) ∩ J is nonempty.
Consequently,
J t = {s ∈ S : st ∈ J}
is a (nonempty) left ideal of S. We have
‖s.(t.yn)− s.(t.y)‖ = ‖(st).yn − (st).y‖ ≤ ‖yn − y‖, ∀s ∈ J
t, ∀y ∈ K.
Since {yn}
∞
n=1 is norm dense in K and the action is separately weakly continuous, we
have
‖s.(t.x)− s.(t.y)‖ ≤ ‖x− y‖, ∀s ∈ J t, ∀y ∈ K.
Therefore, the action is super asymptotically nonexpansive.
(c) Suppose that S is assumed compact but K not necessarily norm separable. Note
that the left ideal St is compact and thus closed for every t in S. We can go through the
same arguments as in (a) and (b), but by considering the whole set K rather than the
sequence {yn}, to get the desired conclusion. 
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The following examples demonstrate that the four nonexpansiveness mentioned in the
introduction can be strictly different. However, we do not have an example of strongly
asymptotically nonexpansive action which is not super asymptotically nonexpansive.
Example 2.13 (Based on [6, Example]). Let K = {(r, θ) : 0 ≤ r ≤ 1, 0 ≤ θ < 2π} be the
closed unit disc in R2 in polar coordinates and the usual Euclidean norm. Define contin-
uous mappings f, g from K into K such that
f(r, θ) = (r/2, θ) and g(r, θ) = (r, 2θ (mod 2π)).
Let S be the discrete semigroup generated by f and g under composition. Then
S = {fngm : (m,n) ∈ N0 × N0 \ {(0, 0)}} ,
where N0 = {0, 1, 2, . . .}. Any left ideal I of S must have the form
I = {fngm : n ≥ n0, m ≥ m0} , for some n0, m0 ∈ N0.
The action of S on K is given by
fngm(r, θ) = (
r
2n
, 2mθ (mod 2π)).
We are going to see that the action is asymptotically nonexpansive but not super
asymptotically nonexpansive. Indeed, for each (r1, θ1), (r2, θ2) ∈ K, we have
‖(r1, θ1)−(r2, θ2)‖
2 = (r1 cos θ1−r2 cos θ2)
2+(r1 sin θ1−r2 sin θ2)
2 = r21+r
2
2−2r1r2 cos(θ1−θ2),
and
‖fngm(r1, θ1)− f
ngm(r2, θ2)‖
2
=
1
22n
[
(r1 cos(2
mθ1)− r2 cos(2
mθ2))
2 + (r1 sin(2
mθ1)− r2 sin(2
mθ2))
2
]
=
1
22n
(r21 + r
2
2 − 2r1r2 cos(2
m(θ1 − θ2)) ≤
1
22n
(r1 + r2)
2.
We can choose an n1 ∈ N large enough such that for all n ≥ n1 and m ≥ 0, we have
|fngm(r1, θ1)− f
ngm(r2, θ2)‖ ≤
r1 + r2
2n
≤ |r1 − r2| ≤ ‖(r1, θ1)− (r2, θ2)‖.
Thus, the action is asymptotically nonexpansive.
However, the action is not super asymptotically nonexpansive. Otherwise, choose
x0 := (1, 0) ∈ K and t0 := f ∈ S,
and any left ideal I = {fngm : n ≥ n0, m ≥ m0}. For each n ≥ n0, m ≥ m0, consider
s = fngm ∈ I and ym = (1,
pi
2m
) ∈ K. We have
‖fn+1gm(x0)− f
n+1gm(ym)‖ = ‖(
1
2n+1
, 0)− (
1
2n+1
, π)‖ =
1
2n
,
14 MUOI AND WONG
and ‖x0 − ym‖ =
[
2(1− cos pi
2m
)
]1/2
→ 0 as m → ∞. Thus, the inequality ‖s.t0.x0 −
s.t0.ym‖ ≤ ‖x0 − ym‖ can not hold for all m ≥ m0 and any fixed n.
Example 2.14 (Based on [1, Example 3.3(ii)]). Let M be the closed unit ball in R2 and
f be any continuous, but not nonexpansive function from [−1, 1] into [−1, 1] such that
f(0) = 0. Consider a self map T on M defined by T (x1, x2) = (f(x2), 0). Then T is not
nonexpansive and T n = 0 for all n ≥ 2. We can easily check that the action of the right
reversible semigroup S = {T n : n ∈ N} on M is super asymptotically nonexpansive but
not nonexpansive.
We end this paper with an open problem about possible variants of Theorem 2.1 and
2.5.
Question 2.15. Let S be a semitopological semigroup. Is there any sufficient/necessary
amenability/reversibility condition on S ensuring that every jointly/separately contin-
uous and (super, strongly) Q−asymptotically nonexpansive action of S on a compact
convex set K of a locally convex space (X,Q) has a common fixed point?
When a semitopological semigroup S has a LIM which is a convex sum of multiplicative
means, Salame [22] showed that, without any nonexpansiveness assumption, every jointly
continuous action of S on a compact convex set in a locally convex space has a common
fixed point.
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